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Abstract. We show that for a quantum completely integrable system in two dimen- 
sions, the L 2 -normalized joint eigenfunctions of the commuting semiclassical pseudo- 
differential operators satisfy restriction bounds of the form \ip^\ 2 ds = 0( \ log/i|) 
for generic curves 7 on the surface. We also prove that the maximal restriction 
bounds of Burq-Gerard-Tzvetkov |BGT| are always attained for certain exceptional 
subsequences of eigenfunctions. 

1. Introduction 

Let (M,g) be a compact, closed orientable Riemannian manifold Let —A : C°°(M) — > 
C°°(M) be the associated Laplacc-Bcltrami operator eigenvalues < Ai < A2 < • • • and 
eigenfunctions (fj',j = 1,2,3, ... satisfying 

-Agtfj = Xjipj, 

and L 2 -normalized so that J M \ipj\ 2 dvol(x) = 1. The celebrated Avakumovic-Levitan- 
Hormander formula implies that 

(1-1) \\ t p j \\ L ~=0{X^). 

The example of the sphere shows that is sharp. The corresponding sharp L p -bounds 
are due to Sogge |Sol| ISo2|, ISo3j . Even though this L°°-bound is far from generic [STZj , 
the only general improvements on (jl.lj) that we are aware of are due to Sogge and Zelditch 
|SZ| and more recently, Sogge, Toth and Zelditch |STZ[ IT4| . These authors obtain 
pointwise o(A — 2~)-bounds under a certain non-recurrence condition for the geodesic flow 
on (M,g). The methods in STZJ follow closely the earlier work of Safarov [S] and 
Safarov-Vassiliev ISVI. 



It is natural to ask whether one can generically improve the C(A~)- sup-bound 
by polynomial powers of A and if so, by how much? In general, very little is known 
here: Polynomial improvements have been obtained by Iwaniec and Sarnak in arith- 
metic hyperbolic cases |Sal HSj . At the other extreme, in the quantum completely in- 
tegrable (QCI) case it is known that under a natural Morse assumption, one can show 
that swp xeM \ipx(x)\ = 0(\i) when the ipx's are joint eigenfunctions of the commuting 
operators and dimM = 2 (see |T4| ) . In the latter case, when dimM > 2, one can 
at least hope to obtain a fairly complete answer to this question provided the ipj's are 
joint eigenfunctions of n-functionally independent, self-adjoint, joint elliptic, commuting 
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fi,-pseudodifferential operators Pi(h), Pzih), P n (H). However, due to the presence of 
often complicated degeneracies of the Lagrangian foliation, even at the classical level the 
dynamics is only partially understood in general |VN2| . Similarily, at the quantum level, 
the asymptotic blow-up properties of eigenfunctions (eg. sharp L p -bounds) are also only 
partially understood |^-[T3]. |TZl] - |TZ3| . 

Apart from pointwise bounds, it is natural when studying asymptotic concentration 
properties of eigenfunctions to consider limits of expected values (Aip\,ip\) as A — > oo 
and to compute the corresponding semiclassical defect measures. Formally, one can let A 
approach (5 7 , where the latter is surface measure along a submanifold, 7 C M. Then, one 
is faced with estimating asymptotic upper bounds for L 2 , or more generally, L p integrals 
along submanifolds of M. In the case of surfaces, these are curves and the concentration 
of these defectmeasures along a periodic geodesic 7 is called strong scarring. For Laplace 
eigenfunctions, the eigenfunction restriction bounds have been studied by Reznikov [R] 
for hyperbolic surfaces and Burq-Gerard-Tzvetkov IK M i for general manifolds (and for 
all p > 2). Both papers are related to earlier work of Tataru [Taj on estimating boundary 
traces of wavefunctions. We will focus here on the case where p = 2 and dimM = 2. 
(ie. L 2 - restriction bounds along curves on surfaces). At the moment, it is unclear to us 
whether our methods extend to L p -restriction bounds for p ^ 2. In the special case of 
I/ 2 -integrals along curves, the estimates in jBGTj are as follows: 

• (i) If 7 is a unit-length geodesic, then 

/ WM\ 2 ds = o{\)' 2 ). 

• (ii) If 7 is a curve with strictly-positive geodesic curvature, 

/ \^( S )\ 2 d s = 0(\] /3 ). 

In this article, we obtain generic asymptotic bounds for J \ipj(s)\ ds in the case where 
the y>j's are joint eigenfunctions of the QCI system consisting of two commuting H- 
pseudodifferential operators Pi(H) and P2{K). Other than the fact that our analysis here 
is specific to QCI systems and to the case p = 2, this paper differs from [BGTj in several 
ways: 

1) One of the main issues here is the generic behaviour of restriction bounds, where a 
curve 7 : [a, b) — > M is called generic if it satisfies the Morse condition in 1 1 . 1 L As we show 
in section 2, in the QCI case the restricted asymptotic eigenfunction mass, J \<pj\ 2 ds, is 
much smaller than the prediction in (i) or (ii) above. Indeed, it is 0(log Xj) (see Theorems 
Q] and [3]) and the example of zonal harmonics on the sphere (see section 14. 1|) shows that 
this estimate is sharp. 

2) In Theorem [3l we establish a converse to (i) above, and show that the bound in (i) 
is always attained in the QCI case. Moreover, we identify the specific bicharacteristics in 
terms of the singular Lagrangian foliation that support such large eigenfunction scars. 

3) Finally, we prove all our results for a rather large class of possibly inhomogeneous 
semiclassical QCI Hamiltonians. The semiclassical Laplacian Pi(h) = —h 2 A is a special 
case. The results really have to do with the bicharacteristic flow and are not specific to 
geodesies. 
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Before going on, we explain what is meant here by the term generic. Given E\ > a 
regular value of p\, we assume that for (x,£) £ p'^ 1 (Ei), 

%>i(s,O^0. (Al) 

That is, pi is real prinicipal type on the hypersurface (Ei). We define 

(1.2) C 1 :={{x^)eT*M;p l {x,0=E l , x e 7} = Pi" 1 ^) n tt' 1 ^). 

Definition 1.1. Let 1 : C 7 — > pj~ 1 (i?i) fee £fte standard inclusion map. We say that the 
M 2 -integrable system with moment map V = (pi,f2) is generic along the curve 7 : [a, b] — > 
M provided i*pi 6 C°°(C 7 ) is a Morse function and condition (Al) is satisfied. 

Remark 1.2. /n ifte homogeneous case where pi — |£| 2 , the manifold C 7 = S*M. In this 
case, E\ — 1 and by Euler homogeneity, £ ■ d^\£,\ 2 — 2|£| 2 so that (Al) is automatically 
satisfied. 

Theorem 1. Let (f^;j = 1,2,3, ... be the L 2 -normalized joint eigenf unctions of the com- 
muting operators Pi(K) and Pi{K) on a Riemannian surface (M 2 ,g) with joint eigenvalues 
{Xf\h) =Ei + 0{h), \f\h)) e SpecP^h) x SpecP 2 (h); j = 1,2,3, ... Then for generic 
curves 7 : [a,b] —> M and ft £ (0, fto], 

/ |^| 2 d S = 0| 7 |(|logft|). 

Here, denotes the length of the curve segment 7 and the RHS of the above estimate is 
uniform over all energy values {E € K; (Ex,E) G P(T*M)}. 

In the special case where Pi (ft) = —ft 2 A one can of course scale out ft and Theorem[T] 
becomes 

Theorem 2. Let <Pj',j = 1,2,3,... be the L 2 -normalized joint Laplace eigenf unctions of 
the commuting operators P\ = —A and P2 on a Riemannian surface (M 2 ,g). Then, 
provided i*P2\s*m is Morse, one gets 

ipj\ 2 ds = 0| 7 j (log Xj) . 

Just as in the case of maximal L°°-bounds, it turns out zonal harmonics on spheres of 
revolution saturate the bounds in Theorems [1] and [2l so they are sharp. We discuss this 
example in detail in section [4j 

We will show in section [3] (see Proposition I3.6[) that (certain) bicharacteristics are 
non-generic curves in the sense of Definition ll.il In the homogeneous case, it was already 
observed in BGT] (see estimate (i) above) that in the case where 7 is a geodesic, the 
restriction upper bounds can grow at the maximal rate ~ A 1 / 2 Consistent with this, in 
the QCI case, we will show that there always exist certain bicharacteristics that support 
high i 2 -mass for certain subsequences of eigenfunctions consistent with the A 1 ^ 2 -bound 
in (i) (at least up to possible loss of log A). However, it is important to note that the 
nature of the bicharacteristic is very important when discussing restriction bounds. To 
describe what we mean, let B reg (resp. B S i ng ) denote the regular (resp. singular) values 
of the moment map V — (pi,p2) C K 2 . In the general QCI case, most bicharcteristics of 
H P1 are subsets of Lagrangian tori in V~ l {B reg ). These do not support large L 2 -bounds 
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along their configuration space projections. However, as was shown in |TZ3] Lemma 
3, unless (M, g) is a flat torus, there is always a subsequence of joint eigenfunctions of 
Pi and P2 with mass concentrated along (singular) joint orbits of the Hamilton fields 
H P1 and H P2 contained in T J ~ 1 (B S i n g). The latter eigenfunctions saturate the maximal 
bounds in (ii) above. This is of course consistent with simple examples like surfaces 
of revolution with metric g = dr 2 + a 2 (r)d0 2 , where the equator is the projection of a 
singular orbit of the joint flow of H P1 and H P2 . In this case, p\ — \£\ g and P2 = pe 
with pe(v) := (v,dg). The corresponding joint eigenfunctions, cpj", of Pi (ft) = — ft 2 A 9 

and P2(ft) = hDg with joint eigenvalues (\j (ft), A^ 2 ' (ft)) = (1,0) + o(l) (the analogs 
of highest weight spherical harmonics) satisfy J \ip r ^\ 2 ds ~ Yc 1 ! 2 along the equator, 
7. So, in particular, the equatorial geodesic is certainly non-generic in the sense of 
Definition 11.11 However, it is not hard to show that (see section 5]) the meridian great 
circles, while obviously also periodic geodesies art generic. This geodesic lies in the 
base space projection of a maximal Lagrangian torus. The zonal harmonics have ft- 
microsupport on this torus and, as we show in subsection l4.1l that the latter eigenfunctions 
have L 2 -restriction bound J r \<fij\ 2 ~ log | along any meridian great circle, T. This is 
consistent with the results of Theorems [T] and [2] In the case of exceptional, non-generic 
bicharacteristics, we prove 

Theorem 3. Let Pj] (ft);j = 1,2 be an Eliasson non-degenerate, QCI system on a sur- 
face, (M, g) . Then, 

• (i) When 7 is the projection of a bicharacteristic segment of pi contained in 

\<Pj(s;h)\ 2 ds = C>| 7 |(1), 

7 

• (ii) When 7 is the projection of a singular joint orbit in P~ 1 (B S i ng ), 



\(Pj(s;h)\ 2 ds = C| 7 |(ft- 1/2 ). 



7 



Moreover, there exists a constant c 7 > depending only on the curve 7, and a 

jk ' 

\ifij k (s; H)\ 2 ds > Cjh^ 1 / 2 whenj is stable, 



subsequence of joint eigenfunctions, ^ ',k = 1, 2, ... such that for ft 6 (0, fto 



7 



\ipj k (s;H)\ 2 ds > CjH 1 ^ 2 |logft| 1 when 7 is unstable. 

It is proved in |TZ3j (see Lemma 3) that unless (M, g) is a flat torus, the joint flow $* 
always possesses at least one singular orbit (see also [L |ILS] ). In the case where dim M = 2 
this orbit must be one-dimensional (ie. a geodesic). Thus, the second estimate (ii) in 
Theorem [3] is always attained in the QCI case and therefore, up to a power of log A, the 
maximal L 2 -restriction bound in [BGTj is always attained. 

Remark 1.3. Examples to which Theorems [I] and [3] apply include: QCI Laplacians on 
ellipsoids (with distinct axes), surfaces of revolution, Liouville surfaces. Less well-known 
examples include QCI Laplacians associated with spherical metrics got by reducing the 
Goryachev-Chaplyin top as well as those constructed in |DM) . In both of the last two 
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classes of examples, the integral in involution, p 2 , is a cubic polynomial in the momentum 
variables. Finally, there are also examples known where pi is quartic in the momenta 
Mi]. In addition, our results apply to inhomogeneous QCI systems such as Neumann 
oscillators, Euler and Kowalevsky tops and the spherical pendulum as well as many others. 
We have stated our results for surfaces because the formulation is quite elegant in that 
case. It is not hard to extend the analysis here to higher- dimensions under the appropriate 
notion of a generic submanifold, but the formulation of results becomes more cumbersome. 
We hope to address this elsewhere. 

Remark 1.4. In analogy with the specific results for QCI eigenfunctions in Theorems 
[7] and [3] above, it is natural to try to determine I? ( or IP ) eigenfunction bounds along 
"typical" curves on general Riemann surfaces (M 2 ,g) by varying the standard restriction 
estimates over appropriate moduli spaces of curve segments. We hope to address this 
point elsewhere. 

We thank Steve Zclditch for helpful comments and suggestions regarding an earlier 
version of the manuscript. 

2. Generic (joint) eigenfunction restriction bounds along curves 
We say that P(h) e Op h , c i(SJ?(T*M)) if locally it has Schwartz kernel 
P(x, y; K) = {2nh)- n J e l{x - y ^ /h p{x, £; h)d£_ 

where a(x,^;h) ~ T,T=o a j( x ^) h ~ k+j and a J e S m ~ j {T*M) with h G (0,ho\. From now 
on, without loss of generality we assume that Pj(H) E Op^^S™) and that Pi(h) 2 +P 2 (h) 2 
is elliptic in the classical sense and the Pj(S)'s are self-adjoint. 

In this section, we get generic asymptotic bounds for J \(fij(s; h)\ 2 ds in the case where 
the tfj's are joint eigenfunctions of Pi(h) and Pz{ti). Here, the term generic refers to a 
non-degeneracy condition on the QCI system along the (generalized) cylinder C 7 given 
in Lemma 1 1.1 1 

2.1. Proof of Theorem [TJ We assume here that (M,g) is a compact surface with QCI 
quantum Hamiltonian given by P\(fc) and the quantum integral in involution is P2(K) 
where we assume that its principal symbol, p%, satisfies the Morse condition in (Al). 
The joint spectrum of Pi(/i)(resp. PaC^)) will be denoted by Xj (H) (resp. Xj(K)) with 
j = 1,2,3,.... Let p G S(M) satisfy p{u) > with p(0) — 1 and p £ C§°([-e,ej) with 
e > sufficiently small. For fixed x e M, we form the joint unintegrated trace attached 
to the level (pi,P2) = (Ei,E 2 ) given by 

oc 

(2.3) I E (x;h) :=J2p^~ 1 [4 ) ( n )- E ^P( n ~ 1 i X ? ) ~ E }) l^^)? ■ 

Our task is to obtain a locally uniform asymptotic bound (in E) for f Ie(x(t); K) dr as 
H — ► . Writing the usual small-time h- Fourier integral operator (FIO) parametrices for 
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e itPi(ft) an( j e isP 2 {h) ^ an( j taking Fourier transforms in (|2.3p gives: 

I E (x- 1 h) = (2nhr 4 J J J J /'e i *( a: ^'«'''' s ^/ fi a x (y, J7 ,e;/i)p(t)p( S )d S rf^rfr ? ^ 
(2.4) +0(1). 

In dm, 

(2.5) ®(x,y,£,ri,s,t;E) = ^i(x,y,^,t) + tE\ + ip 2 (y,x,ri,s) + sE, 
where, 

(2.6) i>i(x,y,€,t) =<pi(x,€,t)-y(i > ip2(y,x,r),s) = (p 2 (y,ri,s)-xr). 
In (|2.6[) . the ^ ; j = 1, 2 satisfy the usual eikonal initial value problems 

(2.7) d t fi +Pi(x,d x (pi) = 0, tpi\t=a=x£, 

d s <P2 +P2(y,d y ip 2 ) = 0, ¥?2| s =o = y??- 
From the equations in (|2.7| one easily derives the following Taylor expansions for ipi (t, x, £) (resp. 
V?2(s, y, if)) centered at t = (resp. s = 0): 

(2.8) <p 1 (t,x,Z)=xt—tp 1 (x ) Z) + 0(t l ). 

(2.9) ip 2 {s,y,v) =yv- s P2(y,v) + 0{s 2 ). 
In (|2.4p the amplitude is of the form 

(2.10) a x (y,x,ri^,s,t;h) = x(E\ - Pi{x,£))x{E - p 2 (y,rf))x{y ~ x)a(x,y,r],t, s,t;h), 

where, a ~ ^°1 a^', ao > ^- > and x G Cq°(R) with x = 1 near the origin. 

Since the integral in (|2.4p is absolutely convergent, we carry out the (y, ^-integration 
first and get that 

(2.11) I E (x;h) = (2ttH)- 4 f f I ' ex. V [it{E 1 -p l )(x,£)+0{t 1 )/h] 



x p{t) I{s, t, x, £; h) dsd^dt, 

where, 

(2.12) I(s, t, x, & h):= f f e^y^/%(y, V , x, £, s, t; h)fa)dydn, 



and where b S S°(l) with b ~ . ftj-fir 1 ', &o > 1/Cq > and 6 X has the same properties 
as a x in (|2.10p . The phase function 

(2.13) $(y, 77; x,s) = {x-y,£- ?]) + s(E - p 2 {y, r,)) + O y ^{s 2 ). 

Since det($^„) = 1 + O(s) and the s-support of b x can be taken arbitrarily small, 
one can apply stationary phase (with parameters) in the (y, ^-variables in (|2.12[) . The 
critical point equations for (y, rf) are 

r) = t + sd y p 2 {y,i)) + 0(s 2 ) (*) 

y = x + sd v p 2 (y,i]) + 0(s 2 ). 
By a straightforward computation, Ie(x,K) equals 



(2.14) (27rh)- 2 / e^[it(l- Pl )(x,0 + s(E-p 2 )(x^) + O x ^ S 2 ) + O x ^t 2 )/h} 
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xc(x, £, s, t; h)d£dtds + 0(1), 

where, c £ S^(l) with c{x, £, s, t; h) ~ Yl'jLo Cj s, where the Cj £ C£° . 

Next, we make a polar variables decompostion in the ^-variables in (|2.14[) . which is 
legitimate since by assumption, p\ is real principal type on the energy shell p[ (Ei) and 
so, |9fPi| > ^ > when p 1 ~ Ei and supp c C [— e, e] 2 x p± [Ei — e, I?i + e]. We note 
that in the case of a Schrodinger operator, pi(x,£) = |£| 2 + V{x) and so, 2$ s d^pi = |£| 2 
by Euler homogeneity. So, as long as 

7 n {x £ M;V(x) = Ex} = (*) 

the condition d^pi(x, £) ^ is satisfied for (a;, £) £ p^ 1 (Ei)rnr^ 1 (j). In the homogeneous 
case, where p\ = and E\ = 1 the condition (*) is clearly automatic. 

Since by assumption d^pi ^ near p^[ 1 {Ei) we can choose p-y as a local coordinate 
on n^ 1 (x) near (x,£o) £ Pi" 1 ^!)- Then, we put j?i = Sir and extend it to a local 
coordinate system (r,u>) : n^ 1 (x) — > R 2 near (x, £o) £ Pi" 1 ^]-)- Cover a neighbourhood 
of 7r _1 (x) np^(Ei) by small open sets and choose a partition of unity subordinate to 
the covering. Then, make the change of variables (pi,oj) i— > £ in each open set and sum 
over the partition to get 
(2.15) 

I E (x,K) = (2ixh)- 2 [ [ [ [ expi[t{E 1 -r) + s(E-p 2 (x 1 ru;)) + O x ^ S 2 ) + O x ,t(t 2 )/h} 



xc(x, raj, s, t] K)rdrdujdtds + 0(1). 

where w £ p7 (£q.) n7r _1 (x) is a (generalized) angle variable and dio = | V£Pi(x, £)| _1 d£ 
denotes Liouville measure on {E\ ) n ir^ 1 (x) . One final application of stationary phase 
in the (r, i)-variables in (|2. 15|) gives 

(2.16) I E {x,K) = (27rh)- 1 J J expi[s(E-p 2 (x,uj)) + 0{s 2 )}/h} 

xc(x, Eiu), s; h)dujds + 0(1). 

The remainder of the proof of Theorem[T] involves integrating the restriction of I E (x; H) 
in (|2.15p to x = x(t) £ 7 and then carrying out a detailed analysis of the result under 
the generic Morse condition in (|1. 1|) . From (|2.15p . 

6 r r r 



(2.17) J I E {x{T)-K)dT = (2i:h)- L J J J exp i[s (E - P2 (x(t)lo)) +0(s z )]/h] 

xc(x(r), uj, s; h)du)drds + 0(1). 

(2.18) = (2nh)- 1 [ e lsE/h 7 7 (s; H) ds + 0(1). 



In (I2.17j) we now absorb the 0(s 2 )-term into the phase and write p 2 (x(r), uj; s) — p 2 (x(t),u) + 
0(s), uniformly in (t, ui) £ [a,b] x S 1 . We have also applied Fubini to ensure that the 
s-integral is carried out last since we want to maintain uniformity in the energy values E. 
By carrying out the s-integration last, E will always appear in a harmless, linear fashion 
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in the phase only. As a result, the uniformity of the estimates for (|2.17p in E is clear. 
So, for h £ (0, ho] it remains to estimate the integral: 

(2.19) I~f{s;h)= [ e- is P 2 ^' u ' s ^ h c(x(T),uj,s;h)duidT. 

Because of the Morse assumption (11.11) . the (u, r)-critical points of p2(x(r),ui) are 
isolated and so, without loss of generality, we assume that there is a single critical point 
at (to, wo). Let Bo C C 7 be a small neighbourhood of (to, lvq). Let Xj S C X) (C 7 ); j = 0, 1 
be a partition of unity subordinate to a covering Bo U B\ of C 7 . We split up the integral 

(2.20) I 7 (s;h)= [ I \- lsp2(x(T) ^ s)/h c{x(T) 1 u Jl s-h)xo{T,u)alujdT 



e -i sp2 (x(r), u ; S yH c ^ T ^ ^ s . q Xi w j dwdT = . j(0) (s . R j + (s . 

First, we deal with the second integral 7 7 (s; h) on the RHS of (|2.20[) : For (t, lj) S supp 
Xi, we have that for \s\ sufficiently small, 

(2.21) max ( \d T p 2 (x(r),u);s)\, \d u p2(x(r), u; s)\ ) > > 0, 

By the implicit function theorem, in the case where \d LO p2(x(i~), lj; s) > one can 

make a local change of variables (t,w) i— > (t, P2(x(t), to; s)) in 7 7 (s;ft). Alternatively, 
when \d T p2{x(r), ui; s)\ > 7^ one can make the make the change of variables (t, cj) 
(P2(^(t), s), ^))- So, in either case after making a change of variables, one gets 

(2.22) {2iih)~ 1 [ e lEs l h I^\s-h)ds = {2nh)- 1 [ f f e l ^ E ~ e ^ h £ 1 (s,9,v;h)d0dvds. 



where, again c S 5^(1) with compact support in all variables. Finally, another application 
of stationary phase in the (s, #)-variables gives 

(2.23) (2Trh)- 1 J e lEs/h I^ (s; h)ds = 0(1). 

Moreover, the 0(l)-bound on the RHS in (|2 . 23[) is clearly uniform in E. 

We now deal with l!f\s;h). The Morse assumption and implicit function theorem 
imply that he critical point equations 

d T p2(x(T),uj; s) = 0, <9 w P2(:e(t), w; s) =0, 

t(0) = T , w(0) = LOO 

have unique local solutions t(s) and w(s) which are smooth for \s\ < ^ with C > 

sufficiently large. We apply stationary phase in (t, cj) to expand the first integral (s; h) 

on the RHS of (|2.20[) . First, we split up the domain of s-integration and write 

(2.24) 

^ e *s P 2(*(r)^s)/K Xo{T ^ )c ( x ( T ), U ;, s - 1 h)dTdu; l^i^e^^^^^xoCr.wJcCarM.w.aj^drdw 
l| s |> fi e is f 2 ^^)^: s )/ fi X o(r, w)c(z(t), w, s; ft) dTdw. 
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Clearly, 

(2.25) {2Trh)~ 1 I e lEs / h I^\s-h)ds = 0{l). 



\<h 

An application of stationary phase with parameters ( |Hoj Theorem 7.7.5) in the second 
integral gives 

(2.26) l| s |> ri ^ 0) (s;ft) = hs^ 1 c (x(t(s)),uj(s), s) l ]s \> h exp[isp 2 (x(T(s)),u(s); s)/H] 

+0(\s\~ 2 h 2 ). 

So, integrating (|2.26|) over {s; 1 > \s\ > h} gives 
(2.27) 

T e iEa / h I^{s;h)ds Kdh- 1 [ -ds + C^f %ds 

Jl>\s\>h Jl>\s\ >h s Jl>\s\>h 3 



'i>\s\>h 

= 0(|logR|) + 0(l) = 0(|logR|). 

Combining (|2.23p , (|2.25[) and (|2.27[) and using the fact that each of these estimates is 
uniform in E implies that for h G (0, Hq], 

f" 

sup / Ie(x(t); K) dr = 0{\ \ogh\). 

{E: {Ei,E)eV(T*M), } Ja 

Rewriting this gives the estimate 
(2.28) 

sup ^p(r 1 [Af ) (ft)- J B 1 ])p(/l- 1 [Af(/l)- J E;])x / \^\ 2 d S = 0(\\ogh\). 

{E;(Ei,E)e-p(T*M)} . ' J <-y 

We claim that for any h G (0,h Q ], and {Xf\h), xf ) (h)) G Spec(Pi (h), P 2 (H)), with 
\Xf\h) -Ei\ < Cih, there exists C 2 > such that 

mi\\f\h)-E\)<C 2 h. (*) 

E J 

To see this, we argue by contradiction: Assume that (*) does not hold. Then there exists 
a sequence (fi m )^ =1 with h m — > + as m — > oo for which (*) is violated. Let e G (hm)m=i 
and treat e > as an adiabatic parameter. Consider the e-pseudodifferential operator 
P(e) := e- 2 [ P t (e) - Xf\e)} 2 + e~ 2 [P 2 (e) - xf } (e)} 2 and put Pfc , e = e~ 2 (p fc - xf\e) ) 2 
and Pfc !C = e~ 2 [Pfe(e) — Aj(e)] 2 ; k = 1,2. So, then our assumption implies that for any 
£ £ (7lm)m=l> 

P2, e (a;,0 > C*| whenpi, e (x,C) < C 2 
and thus P(e) — P\. c + P 2 , e is e-elliptic. 

One then constructs an e-parametrix Q(e) with 

Q(e)P(e) = Id + 0(e 0C ) L ^ L 2. 

Applying Q(e) to both sides of the equation P(e)ip^ = implies that 
(2-29) 11^11^ = 0(6°°). 

But since e > can be taken arbitrarily small, (|2.29p contradicts the fact that all joint 
eigenf unctions are L 2 -normalized. 
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So, after possibly rescaling p and using that p > with p(0) = 1 it follows from (*) 
that for all j > 1 and h S (0, Hq], there exists a constant C3 > (independent of j) such 
that 

sup p(h- 1 [\f\h)-E\)>Ca>0. 

{E;(E u E)EV(T*M),\E 1 -\f>(h)\<C 1 h} 

Since the sum on the LHS of (|2.28p has non- negative terms, by restricting to {j; \Xj (h) — 

E\ \ < C\K\ and (after possibly rescaling p) using that p(h~ Y \Xp (h) — Ei]) > C5 > for 
these eigenvalues, one finally gets that 

J2 J \^\ 2 ds=O hl (\logh\). 

{j;|A< l) (ft)-23i|=0(ft)} 7 

This finishes the proof of Theorem [TJ □ 

Remark 2.5. The sup bound in Theorem\J]is also uniform in the energy parameter, E\. 
However, for different values of E\ one needs to excise different subvarieties of M (which 
depend on E\) to ensure that p\ is real principal type on p^ {Ei). For example, in the 
case where p 1 = \£,\1 + V(x), assumption (Al) requires that^C\{x £ M; V(x) = E\} = 0. 

3. Non-generic curves 

In this section, we turn to the proof of Theorem [3l In contrast to Theorem [TJ this 
results deals with the L 2 -restriction bounds of joint eigenfunctions of Pi{h) and P2C1) 
with fi,-microsupports along singular orbits of the joint bicharacteristic flow of H P1 and 
H P2 . We show that, up to log h- factors, the maximal L 2 -restriction bound in BGT] is 
attained along the base projections of these orbits. In the special homogeneous case, these 
projections are certain (exceptional) geodesies. For example, as we discuss in section |4j 
in the case of surfaces of revolution, the equator is such an exceptional geodesic. It is 
however the only exceptional geodesic: all other geodesies including the meridian great 
circles are generic in the sense of Definition 11.11 

Just as in the previous section, the analysis boils down to estimating the integral 
I-y(s;H). However, unlike the generic case, the phase function \I/(t, lo) £ will now 
have degenerate critical points and we will use a change of variables to classical Birkhoff 
normal form along these singular orbits to compute the asymptotics. 

3.1. Orbits of the joint flow, Here, we describe an important class of exceptional 
curves, 7, which do not satisfy (jl.lj) . As we have already pointed out in the introduction, 
it is not difficult to see that in the homogeneous case, geodesies are distinguished as far 
L^-restriction bounds are concerned (see for example |BGT|). In the QCI case, the same 
is true for the bicharacteristics of general inhomogeneous Hamiltonians. Moreover, as 
we will show, the nature of bicharacteristics vis-a-vis the singular Lagrangian foliation 
of T*M also plays a very important role as far restriction bounds are concerned. First, 
we give a slightly different characterization of what it means for a curve 7 to be generic. 
This consists of a series of simple but important geometric lemmas, the main result being 
Proposition 13.61 
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Fix a smooth curve 7 : [a, b] — ► R and let (t(0),w(0)) S C 7 be any point on the 
cylinder. We define * : C 7 — > R by * = i*p 2 , where 1 : C 7 — > T*M is the standard 
inclusion map. So, in terms of the local coordinates (t,u>) : C 7 — > R 2 , 

*(t,u) =p 2 (x(t),cj). 

Modulo an (D(s)-error (which is negligible), this is the phase function in (|2.19|) . in the 
integral / 7 (s; h). 

The point (t(0),cj(0)) is critical for W : C 7 — » R if for every smooth curve segment 
^i(s) := (t(s),u)(s)) G C 7 ; s G (— e, e) passing through the initial point, 

(3.30) JU(t(«),w(»))I.=o = 0. 

Since \E'(r(s), w(s)) = P2(t(s), uj(s)), writing (|3.30|) out explicitly and applying the chain 
rule gives: 

(3.31) d x p 2 ■ <9 s t| s=0 + %j 2 • d s u>\ s = = 0. 

On the other hand, differentiating the definining equation pi(r(s), w(s)) = 1 gives 

(3.32) d x pi ■ s t| s =o + %?i • d s uj\ s =o = 0. 

The following lemma is an immediate consequence of (|3.31[) and (|3.32D . 
Lemma 4. A point zq = (r(0), uj(0)) G C 1 is critical for VP : C 7 — > R «/ and onZy «/ 

T Zo C 7 C ker(dpi)(2:o) n ker(dp 2 )(^o)- 

The following simple geometric result is central to our proof of Theorem [3] since it 
describes the bicharacteristics that are non-generic. 

Proposition 3.6. Let 7 C ^(7) where 7 = $(zo) is a joint orbit of exptjH Pj ; j = 1,2 
through the point zq G C 7 with dim 7 > 1. Then, if j C C 7 , the curve 7 is not generic. 

Proof. First, the real principal type assumption combined with the implicit function 
theorem imply that C 7 = 7r _1 (7) npj" 1 (£'i) is a smooth two-dimensional submanifold of 
T*M. We split the analysis into two cases. 

Case 1: When 7 is a two-dimensional Lagrangian torus, we have that locally 

y = Pi 1 (E 1 )n P 2 1 (E) 
for some E G R. Since by assumption 7 C C 7 , and both are two-manifolds, clearly 

C 7 = 7 . 

Then, C 7 is non-generic since ^ = P2\c„ = E and so, all points z G C 7 are critical for 'J. 

Case 2: Here we assume that 7 is a singular joint orbit of dimension one (see subsection 
HI below). Then, for all z G 7, 

^£2(2) = A(z) • dpi(z), 

for some A(z) ^ 0. So, from Lemma EJ zq G 7 is a critical point of $ : C 7 — > R if and 
only if 

T Zo C~f C ker(dpi)(z )- 

This inclusion is always satisfied since C 7 C p\ iE\)- As a result, aZZ points z G 7 along 
the one-dimensial orbit are critical for "J and so the latter is not Morse. □ 
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3.2. Singular leaves of the Lagrangian foliation. Before taking up the proof of 
Theorem [3] we collect here some basic facts about the geometry of integrable systems and 
their singular sets. We refer the reader to |TZ3[ IVN2] for further details. 

Given the moment map V = (pi,P2), the singular variety of the corresponding inte- 
grable system is defined to be the set 

Zsing = {{X,0 G T*M- d Pl Adp 2 (x,0 = 0}. 

We now recall some elementary results about T, S i ng which we will need later on. First, 
given the joint flow <!>* : T*M — > T*M defined by <&* (x, £) = exp tiH pl oexp t 2 H P2 (x, £); t — 
£R 2 ) we observe that 

(3.33) $*(S S j n g) = S s j nff . 

which follows immediately from the fact that {pi,P2} = and <i>* is a diffeomorphism. 
The singular set X s j ns consists of a union of orbits of the joint flow <i>*; t G IR 2 . 

Definition: Following |TZ3| . we say that an orbit $ of the joint flow $* singular if it is 
not Lagrangian; that is, if dimi? < 1. 



3.2.1. Eliasson nondegeneracy. For our second main result (Theorem [3]) , we will need 
to make a non-degenerate assumption on the integrable system with moment map V = 
(Pijf?2)- We now give a brief description of this condition. For more detailed treat- 
ment, see [VNH IVN21 ITZ3] . Let p = R{p u p 2 } C C*°°(T*A/ - 0),{.} be the stan- 
dard abelian subalgebra with Poisson bracket. Then, given a singular orbit i9(d) = 
expiii? Pl o expt2H P2 (v) through a point v G T > ~ 1 (B S i ng ) of rank k < 1, we note that the 
Hessians d^pj;j — 1,2, determine an Abelian subalgebra 

d 2 v pc S 2 (K/L,lu v )* 

of quadratic forms on the reduced symplectic subspace K/L, where we put 

K = kerdpi(v) n kerdp2(v), L = span(H pl (v), H P2 (v)). 

Definition: We say that the orbit $(v) is Eliasson non-degenerate of rank k < 1 if d^p 

is a Cartan subalgebra of S 2 (K / L,oj v )* . 

Lemma 5. Assume that the integrable system with moment map V = (p\,p2) is Eliasson 
non-degenerate. Then, T, S i ng is a finite union of orbits of the joint flow, $* with dimension 
< 1 . The latter are diffeomorphic to open intervals, circles and isolated points. 

Proof. From (|3.33[) it follows that S S i„ s is a finite union of joint orbits of the joint flow 
$* and so has dimension < 2. The Eliasson non-degeneracy condition (|3.2.ip implies that 
dimS S i„g < 1. As a result, £ s j rag consists of a union of open intervals, circles and, in the 
inhomogeneous case, possibly a finite number of isolated points. □ 

Remark 3.7. In the homogeneous case where P i(x,£) — \£,\ g , the singular orbits are 
necessarily topological intervals or circles sinceV = ij)\,P2) has no isolated critical points. 
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The Eliasson non-degeneracy assumption implies that £ is a finite union of isolated 
singular orbits for pj\ j = 1,2 and we use this in the next section to analyze the integral 
(|2.19|) by microlocalizing near these orbits and applying a classical Birkhoff normal form 
construction to analyze the resulting integral. 

We note that the crucial difference between the generic case and the case of a bicharac- 
teristic which lifts to a singular joint orbit lies in the fact that due to the invariance of the 
integral p 2 , the computation of J(s; h) can be reduced to a single fibre 7r _1 (a;) C\ p^ 1 {E\) 
in the latter case. Thus, there is no additional cancellation coming from the computation 
of the s-integral and this is ultimately the reason why the Oifr^l 2 ) L 2 -restriction bound 
is saturated by these singular orbits. 

3.3. Microlocalization along C 7 . In the following, it is useful to split up the mapping 
cylinder C 7 as follows: 

(3.34) c 7 = c; es uc; m9 , 

where CZf 9 (resp. C^ mg ) denote invariant open neighbourhoods of regular (resp. singu- 
lar) points of Cj. Let Xreg{^>) (resp. Xsinj(w)) be a partition of unity subordinate to this 
covering of the cylinder, C 7 . We then write 

(3.35) + J /'e- isW ( T ^/ ft c(a;,r,s;^)x s i„ 9 (a;)d t ;dr=:/ r e ff (s;S)+7 sina (s;fi). 
First, we analyze the regular term on the RHS of (|3.35p . 

3.4. Analysis of the regular term. Given uj £ supp Xreg, in light of the invariance 
formula (|3.33|) it easily follows that for all r € [a, b], and u> £ supp Xregi 

dy(T,Lu)=d(L* P2 )(T,Lu)^0. 

Indeed, rank (dp\,dp2)(r,uj) = 2 for all lo € supp Xreg and so, by Lagrange multipliers, 
the restriction ^ = i*p 2 £ C°° (p^ 1 (E )) satisfies d^(r,u>) = d(L*p 2 )(r,Lo) ^ for all 
(t, u>) € [a, b]x supp Xreg- But then one can introduce i*p 2 as a new coordinate on supp 
Xreg and so by the change of variables formula, 

(3.36) (2 7 rfi)- 1 / [ e^ sE - se ^ h c(s,9- 1 h)d9ds^O{l). 



The last bound on the RHS of (|3.36|) follows by stationary phase in (s, 9) and the estimate 
is uniform for E £ ir 2 (V(T* M)) where tt 2 : (Ei,E) i-v E. 

3.5. Analysis of the singular term. Here we assume that for {(x(t),ui); a < r < b} G 
suppxsing- So, in particular {x{t),u>) is contained in an arbitrarily small neighbourhood 
of (x(0),w(0)) e 7 where, 

d Pl Adp 2 (x(0),cu(0)) = 0. 

To deal with the second term in (|3.35j) . it is useful to pass to a convergent singular 
Birkhoff normal form and write the phase function \&(t, lo) in (|3.35|) in normal coordinates. 
The analysis will be split into several cases depending on the nature of the singularity in 
the phase function, ^f. 
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3.5.1. Singular Birkhoff normal forms. First, we recall that the orbit = Un lit2 \^2 exptiH pi o 
expt 2 H p2 (x(0),u}(0)) of the joint flow is of dimension < 1. So, it is diffeomorphic to a 
union of intervals and circles and possiblty a finite number of (necessarily isolated) crit- 
ical points. Since the latter case of fixed points is handled very similarily to the case of 

1-D orbits, but we only consider here restriction bounds along curves 

The literature on general classical (and quantum) Birkhoff normal forms is extensive 
|G1[IG2[|ISZ[|Z1[|Z2] and we focus here on the integrable case where the canonical change 
of variables to normal form is actually convergent [CPl iHSl lT2l lTZ3l iMVNl IVN2] . With- 
out loss of generality, we assume here that the singular locus 7 = ^((^(O), oj(0)) consists 
of a bicharacteristic. Whether or not 7 is the projection of a periodic bicharacteristic is 
of no consequence here. Since we are considering the case where n — 2, there are only 
two possibilities: 7 is either stable (elliptic) or unstable (hyperbolic). 

3.5.2. Stable case. Let 7 be a non-degenerate, stable bicharacteristic in the singular lo- 
cus "P _1 (6) C 'P~ 1 (B S i n g). Let {x,t) : M — > R 2 be coordinates centered at the point 
xq G M. For instance one can take (x,t) to be Fermi coordinates along 7. In this case, 
the i-coordinate runs along the geodesic and the ^-coordinate is transversal. By possi- 
bly replacing pi and p 2 by appropriate functions fj(pi,P2)]j — 1, 2 (the corresponding 
operators fj(Pi(h),P 2 (h));j = 1,2 have the same joint eigenfunctions), one can assume 
that 

p 3 {x,t,i,a) =b 1 +S ] (a)+u J (a)(x 2 +e) + O t . <7 (\x^\ 3 ); , j = 1,2, 
where, 6j(0) = 0, u>j(Q) 7^ 0; j = 1, 2 and uij, Sj are locally-defined smooth functions near 

(7 = 0. 

In this case, [TZ3 ( VNl, IVN2j there exists a canonical map from a small neighbourhood 

Uj of C 7 

K-.U-y — > T* 7 x B s (0), 
K : (x,t\£,o) h-> (x' \t';t! ',</), 

with 

(3.37) K*p j (x',t';Z , ,a , )=F j (x ,2 +Z ,2 ,ay, 3 = 1,2. 

Here, S > is a sufficiently small tube radius and Fj G C°°(Bs(0) x Bs(0)). By possibly 
replacing the classical integrals Pj',j = 1,2 by fk(pi,P2)', k = 1,2 with appropriate fk G 
C°° , without loss of generality, we can assume that 

Fj(u,v) = bj + Pj(v) + otj{v)u + O v {u 2 ). 

Moreover, one can take here /3j(v) = v + 0(v 2 ). The Eliasson non-degeneracy condition 
says that for all v G Bs(0), ct\ ^ a 2 with min{|ai|, \a 2 \} > ^ > 0. We need to compute 
the asymptotics of the RHS of (|3.35p . Without loss of generality, one can assume that 
xq G M is an interior point of the segment 7 and so a < 0, b > 0. 

(3.38) I smg (s;h) = J £ e- is ^y\ sing ^)c\w,t-,s)dwdt. 

To make the change of variables in (|3.38p to Birkhoff coordinates (x r , t'; , a') G T*(j) x 
Bg(0), we use that 

x'(x, t;(,a)=x + 0(x 2 ), t'(x, t;(,a)=t+ 0(x), 
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and so, from the expansion in (|3.37p . one gets that 
(3.39) 

K(p^ 1 (E 1 ) n 7^(7)) = {(:r', t'- a'); x' = 0, a' + a^a')? 2 + O a {^) + 0(a' 2 ) = 0}. 

To simplify the writing, from now on we drop the primes in the Birkhoff coordinates and 
put (bi,b 2 ) = (Ei,E). Then, since 

^ (a + ai (a)e + +0(a 2 ) + a(£ 4 )) = 1 + O(a) + 0(f) 

it follows from the implicit function theorem that one can use (a, t) 6 Bs(0) x 7 as local 
parametrizing coordinates on n{p^[ 1 {Ei) ri7r~ 1 (7)) = k(C 7 ). Substitution of the defining 
equation in (|3.39|) into the formula for K*p 2 gives 

= E + /3 2 (a) + a 2 (a)e(<j) + C(CV)) 
ai(a) 

(3.40) = E +(l-^l)a + 0(a 2 ). 



ai(cr) 

Here we have used that f3 2 (cr) = a + 0(a 2 ) with (3 2 7^ 0. 

Next we compute the induced measure dio in terms of the Birkhoff coordinates. Let 
£1 denotes the canonical 2-form locally given by dx A d£ + dt A da. Since k is canonical, 
locally the Lebesgue measure 

(n*n) 2 = n 2 = dxdtd^da. 
The induced arc-length (ie. Liouville measure) dio satisfies 

(3.41) K^dwdt — i^dadt. 

In (|3.41|) . i : 7 x supp^i — > k(C 7 ) is the local parametrization given by 

i{t,a) = (0,Z(a),t,a), 

where £(er) satisfies the identity in (13.39|) . 

Choosing (a,t) as coordinates on supp Xi x 7; by a straightforward computation we 
get that 

(3.42) K^dwdt = f(a)\a\- 1/2 dadt, 

where / S C°° with f(a) > > 0. Consequently, by a change of variables, in terms of 
the normal coordinates we get that 
(3.43) 



J e^l h I smg { S] h)ds^{2nh)- 1 J J J exp lS (^l-^j^a + (lV)) 



xc(s, <7, t; K)xsin 9 {a)W\ 1/2 dadtds. 
where c e 5°(l)fl is ^-elliptic on supp Xsing- Now, from the non-degeneracy of the 
integrable system, we use the fact that a 2 (c) ^ ol\ (a) to make the change of variables 
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in the phase in (|3.43|) and integate out the t-variable (note that the phase in (|3.43[) is 
independent oft). The result is that 



(3.44) {2-kK)- 1 J e lsb2/h I smg (s;h)ds = (2TTh)- 1 J J e lsa/h ~c{ Sl a; h)^ 1 ' 2 dads. 

Here the amplitude c has the same properties as c. 

Making a first-order Taylor expansion around a — we write c(s, a; ft) = c(s, 0; ft) + 
a ■ 5c(s, a; ft) where Sc(s, a; ft) £ 5' (1) with compact support in the s-variable and both 
c and 5 have standard symbolic expansions in ft with Sc(s, a; ft) = 8c{s, a) + 0(h) and 
c(s, 0; ft) = c(s, 0) + 0{h). Assume that supp Xsing C {ct; |ct| < C}. The integral in (|3.43|) 
splits into the sum 

(3.45) (2nh)- 1 J j e is °' h c(s,$)\a\-V 2 l W \< c {cr)dads 

+(2 7 rft)- 1 / / e^^MM 1 /*! , , <c ( CT )d<rd S + 0(1) =: I« (ft) + /^ (fi) + O(l). 



sing \ / 1 sing v 

Let F<p{!i) = (27r) _n L n e~' lx ^(p(x)dx be the usual Fourier transform. Then, by Fubini, 
l£i g (K) = (2^)- x / lal 1 / 2 ^)^^-^^)^ = ©(ft 1 / 2 ). 

J\a\<C 

On the other hand, again by Fubini, for the leading term 

(3.46) = (27T/1)- 1 /" (jFc)^ CT (ft-V, 1) \a\- l ' 2 dcj ~ fi ^o c 7 ft" 1 / 2 . 

Again, the constant c 7 > appearing on the RHS in ()3.46|) is uniform in E with [E\ , E) 6 
V{T*M). Consequently, 

(27rft)- 1 / e - 4sB/ ^;ft)d S = / s ( 2 (ft) + 4L(ft) + ^ 9 (^) 



= c 7 ft~ 1/2 + ©(ft 1 / 2 ) + = ^ft- 1 ^ + o(i). 
This completes the proof of Theorem |3l □ 

3.5.3. Unstable case. In this case, the relevant canonical transformation to normal form 
is given by k : U 1 — » T*7 x £?i(0), where, 

n-^pjix, t; £, a) - F(e -x 2 ,*) = b 3 + P,{a) + a 3 (a)(£ 2 - x 2 ) + 0(|£ 2 - x 2 | 2 ); j = 1, 2. 

The computations follow in the same way as in the stable case by putting x = and 
repeating essentially verbatim the analysis in 13.5.21 

From (|3~46|) it follows that 
(3.47) ^ pitT 1 [Xf) (ft) - Ex]) ^ft -1 [\f) (ft) - E]) f \^(s)\ 2 ds^ Q c 7 (E;p)h^ 2 . 

So, by taking supremum over E in (I3.47|) the first estimate in (ii) of Theorem [3] follows. 
The final part of the proof of Theorem [3] follows from the result of Toth and Zelditch 
TZ3 which says that, unless (M,g) is a flat torus, the bicharacteristic flow must have a 
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singular orbit, 7. But then, 7 C V~ X {E\, E) where (Ei,E) £ B S i ng . In the case where 7 
is stable, the existence of the subsequence of joint eigenfunctions follows from the usual 
joint trace formula 

(3.48) Y^pih-^pih) - E 1 ])p(h- l [\f\K) E}) c(E;p). 

j 

To see this, one simply argues by contradiction: Assume that for all eigenfunctions 

f \${s)\Hs = o{K-V 2 ). 

J -y 

Then we bound the LHS in (|3~4"?|) by 

o{h- 1 ' 2 ) x^p(h- 1 [\f ) (h)-Ei])p(h- 1 [\f(h)-E])=o(h- 1 / 2 ) 
j 

by the joint trace formula (|3.48[) . This contradicts the asymptotic ~ ftr 1 / 2 on the RHS 

of gg . 

In the unstable case |BPU[ ITZ3j , the formula (|3.48p gets replaced by 

"£p(h- 1 [\f\h)-E 1 ))p(h- 1 [\fHh)-E]) c(E;p)\\ogh\. 

j 

In view of (|3.47[) . this gives a subseqeunce (fj k ; k = 1, 2, 3, ... satisfying 

f i^^pd^c^-^iiog^- 1 

for h 6 (0, Ho]. This completes the proof of Theorem [3] □ 

4. The example of a convex surface of revolution. 

One can parametrize convex surfaces of revolution by using geodesic polar coordinates 
(t, (p) <E [0., 1] x [0, 2tt] in terms of which 

Pi(v,t;Z v ,Zt) = $ + a- 1 (t)& 

and 

where, the profile function satisfies a(0) = a(l) = and a(t) is a non-negative Morse 
function with a single non-degenerate maximum at t — to G (0, 1). The level curve t = to 
is the equator of the surface. Let 7 = {(t, <p(tf); 0<a<t<6<l}bea curve segment 
on the surface. The computation of the phase function \P in this case is easy. Clearly, 

c, = {(t,^);6,^);£ f 2 + a" 1 (t)^ = 1} 

and one can use t 6 (0, 1) and £t to parametrize C 7 . The result is that 

vP(t6) = aW(i-& 2 ); te[a,b}. 

The critical points are the solutions of 

d t ^ = a'(t){l - £$) = and = -2a(t)£ t = 0. 

Since t <E (0, 1), there is a single critical point with £ t = and a'(t) — 0. This happens 
precisely when t = t$. The end result is that the critical point of is (to>0). 
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We next compute the terms of the Hessian matrix at the critical point (to,0). The 
result is that <9 2, J/ = a" (to), dtd^'i' = and 0| 4 ^ = — 2a(to). Consequently, we get that 

det(d 2 *)| (to , 0) = -2a(to)a"(t ) + 

by our Morse assumption on the profile function of the surface. Thus, it follows that the 
curve segment 7 is generic. These curves are segments of graphs over the meridian great 
circle. 

Next consider curves of the form 

7 = {(9(t)^(t) =*);*€ [a, b}} 
which are graphs over the equator. In this case, 

*(«,&) = a(0(t))(i-£); te[a,b}. 

The critical points in this case are the solutions of 

d t ^ = a'{8(t)) ■ e'(t)(l - = and = -2o(0(t))& = 0. 

Since a(9) > the second equation implies that ^ = at critical points. The first 
equation implies 

a'(9(t)) =0or e'(t)=0. 

For the Hessian, 

= [a"(9(t))\9'(t)\ 2 + a'(9(t))9"(t)](l ~ £ t 2 ) = 0, 

and 

= -2a(9(t)). 

Also, clearly dtd^^ — at any critical point (to,0). In the case where a'(d(to)) = at 
the crtical point (to,0) one gets 

det(d 2 *)\ (t0fi) = -2a(0(t Q )) a"(6(t )) \6'(t Q )\ 2 . (*) 

In the case where 9' (to) = at the critical point (to,0) one gets 

det(d 2 *)| (to , 0) = -2a(6(t ))a'(6(t ))6"(t ) (**). 

The only way (*) can vanish is if also 9' (to) — 0, so that both 9' (to) = and a' (8 (to)) = 0; 
that is, the curve j(t) is tangent to the equator at t = to. In the second case where 
9' (t ) — and a'(9(t )) ^ 0, the curve j(t) is tangent to another circle parallel to the 
equator. 

So, curves which are graphs over the equator are generic in the sense of Definition ll.il 
provided 9'(t) ^ 0. This condition is satisfied provided 9 : [a, b] — ► (0, tt) is never tangent 
to a circle parallel to the equator. In particular, this rules out the cases where 7 includes 
pieces of the equator z = or parallel circles z = const.. The equator is of course the 
(only) projection of a singular orbit. It is non-generic and in that case, Theorem [3] applies. 
The parallel circles z — const, are caustics which are also necessarily non-generic since 
in the latter case there are joint eigenfunctions which blow-up like ~ A 1 / 6 in sup-norm 
along the curve. 

To see what Theorem [T] means for a specific sequence of eigenfunctions, we consider the 
special case of the round sphere where <p\(x) = A 1 / 4 (a;i + ix2) x are the highest-weight 
spherical harmonics where f M \cp\\ dVol ~ 1 and where A = n; n — 1,2,3,.... In the 
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previous paragraph we showed that all smooth curves 7 = {(0(t) — t, <p(t)); t G [a, b]} are 
generic. In terms of spherical coordinates, the restricted eigenfunction 

<p\(t) — A 1 ^ 4 [cos t cos ip(t) + i cost sin ifi(t)] x 

and so, 

\ip x \ 2 ds = A 1/2 / (cost) 2X dt. 



In the case where a < and b > (so that 7 intersects the equator), an application of 
steepest descent gives 



A 1/2 / (cOSt) 2X dt -A^oo c 7 = O(l). 
J a 

Similarily, when 7 = {{0(t), t);t E [a, b}} with a < 0, b > and |#'(i)| > ^ > one gets 

,6 

A 1 / 2 / (c S^)) 2A di -x^oo S 7 = 0(1). 



These bounds are consistent with (and slightly stronger than) the general 0(log A) bound 
given in Theorem [TJ 

4.1. Zonal harmonics. Let x — (2:1, £2) be geodesic normal coordinates on a convex 
surface of revolution centered at the north pole and (r, if) denote the corresponding polar 
variables. We consider zonal harmonics centered at the north pole which can be written 
as oscillatory integrals of the form 



(4.49) 



<p x (x) = (2ttA) 1/2 / e lX{x - uj) a(x,uj;X)dLo, 



2 1 



where, a(x, u>; A) ~ J^jLo a j( x > J an d l a o(2 ; 7 > > with ao(x, w) = 1 + C(|x|). 
The A 1 ^ 2 -factor in front of the terms in (|4.49p ensures that J M I^aI 2 ^ = 1. Conisider 
the meridian great circle 

7 = {( r , <p)', f = a o; < a < 2ir}. 
From (|4.49p it follows that ip\ is radial and we get that 



\<P\(r, a Q )\ 2 dr = 2irX 



= 2ttX 



e lX{x ' uj) a{x,u;X)dto 



dr+2nX 



r=A~ 1 



S 1 



e iX ^a(x,u;\)du 



dr 



r=A- 1 



S 1 



e a <'^a(x,u;X)du 



dr + 0(l). 



An application of stationary phase in the inner integral on the RHS of the last identity 
gives 



\<p\(r, a Q )\ 2 dr = 2tt 
So, it follows that 



P7T 


r -l/2 e iAr 


/a- 1 





dr + O(l) = 2tt 



dr 
A- 1 r 



0(1). 



(4.50) 



|Vx(r, a )| 2 dr = 27rlogA + O(l), 



and this example shows that the upper bounds in Theorems [T] and [3 are sharp. 
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